Every point in Teichmüller space is a hyperbolic metric on a given Riemann surface, therefore, a Weil-Petersson geodesic in Teichmüller space can be viewed as a 3-manifold. We investigate the sectional curvatures of this 3-manifold, with a natural metric. We obtain explicit formulas for the curvature tensors of this metric, and show that the "average"s of them are zero, and hence the geometry of this 3-manifold reflects both positive and negative curvatures.
Introduction
An essential problem in Riemannian geometry of a manifold is to understand the behavior of the geodesics of a given Riemannian metric. In the study of the Weil-Petersson metric of the moduli space of Riemann surfaces, many important features have been discovered, yet many unanswered questions and connections to other topics in mathematics and physics continue to renew the attractions. One of the motivations of this paper is to study the Weil-Petersson geodesics from its intrinsic geometry.
Throughout this paper, we assume Σ is a smooth, oriented, closed Riemann surface of genus g > 1. Teichmüller space T g (Σ) is the space of hyperbolic metrics on Σ, modulo an equivalent relationship, where two hyperbolic metrics σ and ρ are considered equivalent if there is a biholomorphic map between (Σ, σ) and (Σ, ρ), in the homotopy class of the identity. Riemann's moduli space M g of Riemann surfaces is obtained as the quotient of Teichmüller space by the mapping class group. Teichmüller space T g (Σ) ( [1] ) is a complex manifold of complex dimension 3g − 3, and the cotangent space at (Σ, σ) is identified with QD(σ), the space of holomorphic quadratic differentials. One also identifies the tangent space with HB(σ), the space of harmonic Beltrami differentials.
Many different metrics on Teichmüller space have been introduced and intensively studied. Two classical metrics, namely the Teichmüller metric and the Weil-Petersson metric, have very intriguing geodesics. Despite not being a Riemannian metric, the Teichmüller metric is complete and its geodesics are fairly easy to describe: Given a holomorphic quadratic differential φ for σ, the conformal structures, obtained by scaling the horizontal foliation of φ by e t and vertical foliation by e −t , form a Teichmüller geodesic.
Geodesics in Teichmüller space play important roles in three dimensional geometry and topology. The deformations of structures of a hyperbolic 3-manifold rely essentially on the deformations of the structures on the surfaces. If N is a complete hyperbolic 3-manifold which is homeomorphic to Σ × ℜ, then Bonahon-Thurston used pleat surfaces to fill the convex hull of N (see for example [2] , [19] , [20] ), and the locus of the these pleat surfaces is conjectured to be a quasi-geodesic in T g (Σ). Minsky showed that ( [14] ), if the surface Σ lies in the ǫ 0 -thick part of T g (Σ), then the 3-manifold N is bi-Lipschitz to a geodesic in Teichmüller metric, with constants only depending on the genus of Σ. Further studies led to the eventual resolution of Thurston's Ending Lamination Conjecture ( [4] ).
The Weil-Petersson geodesics are somewhat difficult to work with. It would be very nice to have a geometric model for a hyperbolic three manifold constructed from a Weil-Petersson geodesic ( [5] ). In this paper, we investigate the curvatures of a segment of a Weil-Petersson geodesic, and compare them with those of a hyperoblic 3-manifold.
Our main result, to be stated more precisely and terms defined more formally in section three (theorems 3.1 -3.6), is roughly the following, Theorem 1.1. Let K 1 , K 2 and K 3 be three sectional curvatures spanned by basis vectors, with respect to the standard metric σ N , at point (Σ, σ(z)) on a Weil-Petersson geodesic N , where σ(z)dzdz is a hyperbolic metric on the surface Σ, then
where µ 0 dz dz is an infinitesimal harmonic Beltrami differential on (Σ, σ) and the operator D = −2(∆ σ − 2) −1 . Therefore the average of K i vanishes on
Furthermore, if we normalize the tangent vector µ 0 dz dz such that µ 0 W P = 4π(g − 1), then we also have the average of K 3 vanishes on (Σ, σ), i.e.,
We note that here K 1 and K 2 are curvatures of the planes containing one fiber direction and one Weil-Petersson direction, and K 3 represents the curvature of the plane tangent to the fiber.
A direct consequence is the following corollary:
However, as in Proposition 3.7, we actually can say something definite near the zeros of µ 0 , namely, In Riemannian geometry, one often modifies a natural metric on the manifold of the study to obtain "designer" metrics and hopes they possess desired geometric properties. In comparison to a hyperbolic three manifold, we consider the modified metric σ N (f ) on the Weil-Petersson geodesic N , to be defined in section 4, with correction function f (t). One hopes to find some choice of the function f (t), the manifold (N, σ N (f )) has nonpositive curvature. However, We find our situation does not improve much, namely, as in theorems 4.1 -4.5, In this investigation of Weil-Petersson geodesics, the technical tool we intensively rely on is the Teichmüller theory of harmonic maps. The theory of harmonic mappings began with the pioneer work of ), and it has fruitful applications in many different areas in mathematics, especially in geometry and analysis. In the case of compact hyperbolic surfaces, the analytical theory does not involve any regularity issue: the degree one harmonic map between hyperbolic surfaces is a diffeomorphism ( [17] ). The variational nature of harmonic maps leads to many applications to Teichmüller theory as Teichmüller space is the deformation space of the complex (or equivalently hyperbolic) structures on a surface. The theory of harmonic maps has become an important computational tool in Teichmüller theory (see, for example, [10] , [11] [13], [16] , [22] , etc). Plan of the paper: We will give necessary background material in section two, which will discuss the basic properties of the Weil-Petersson metric and the harmonic maps between compact hyperbolic surfaces.
Section three is devoted to prove main theorem 1.1. We set up the natural metric σ N on a Weil-Petersson geodesic N via harmonic maps, and investigate the sectional curvatures of (N, σ N ). We show that the geometry is a mixture of negative and positive curvatures.
In section four, we consider the curvatures of modified metrics on N . We obtain explicit formulas for three sectional curvatures of basis vectors and prove theorem 1.4. Acknowledgement: The author expresses his deepest gratitude to Michael Wolf, for suggesting the problem, for his guidance and continuous encouragement throughout the project, and for his patience. He also thanks Yair Minsky for his generous help. The work is partially supported by a Rackham Fellowship at the University of Michigan.
Background 2.1 The Weil-Petersson metric
Let Σ be a closed, oriented surface of genus g > 1. We denote σ|dz| 2 as a hyperbolic metric on Σ, for conformal coordinates z. On (Σ, σ|dz| 2 ), we denote the Laplacian as
∂z∂z , with nonpositive eigenvalues. We also define an operator
The Weil-Petersson metric, introduced by Ahlfors, is defined on the cotangent space QD(σ) by the natural L 2 -norm:
where σ|dz| 2 is the hyperbolic metric on Σ. By duality, we obtain a Riemannian metric on the tangent space of
Elements in HB(σ) satisfy the equation
and they can be written, for some φdz 2 ∈ QD(σ), as µ =φ
σdzdz . We will alternatively use dA = σ|dz| 2 to represent the area element of the hyperbolic surface (Σ, σ).
The Weil-Petersson metric is incomplete ( [6] , [12] , [23] ): geodesics extended to the frontier space have finite length; yet the metric is geodescially convex ( [25] ), hence any two points can be joined by a unique Weil-Petersson geodesic. On the other hand, there are Weil-Petersson geodesics leave every compact subset of moduli space.
The geometry of Teichmüller space equiped with the Weil-Petersson metric is quite satisfying: it is a space of negative curvature ( [21] , [24] ). However, there is neither negative upper bound ( [8] ) nor lower bound ( [9] , [18] ) to the sectional curvatures. More detailed discussions on the Weil-Petersson geodesics and the Weil-Petersson geometry of Teichmüller space can be found on recent articles such as [3] [26], [27] , [28] .
Harmonic maps between surfaces
In this subsection, we collect necessary facts on harmonic maps between compact hyperbolic surfaces.
Let w : (Σ, σ|dz| 2 ) → (Σ, ρ|dw| 2 ) be a Lipschitz map, where σ|dz| 2 and ρ|dw| 2 are hyperbolic metrics on the surface Σ, and z and w are conformal coordinates on Σ. We follow notations of Sampson ([16] ) to define important functions
We call H(z) the holomorphic energy density, and L(z) the anti-holomorphic energy density.
The energy density function of w is now simply e(w(z)) = H(z) + L(z), and the total energy and the Jacobian determinant of the map are then given by
respectively. The map w is harmonic if it is a critical point of this total energy functional, i.e., it satisfies Euler-Lagrange equation:
The (2, 0) part of the pullback w * ρ is particularly important, and it is called Hopf differential of w:
The fact that w is harmonic implies that φ(z) is holomorphic on the domain, hence φdz 2 ∈ QD(σ), and w is conformal if and only if φ = 0. This Hopf differential φ defines a Euclidean metric on the surface Σ, with singularities occur at the zeros of φ.
Classically, there is a unique harmonic map w : (Σ, σ) → (Σ, ρ) in the homotopy class of the identity, moreover, this map w is a diffeoemorphism, with positive Jacobian determinant.
Curvatures of a Weil-Petersson geodesic as a three-manifold
We now start the task of proving our main results. This section breaks into subsections. In §3.1, we set up the metric σ N on a Weil-Petersson geodesic N , using harmonic maps from (Σ, σ) to nearby hyperbolic metrics. We note here these nearby points in Teichmüller space are determined by a ray in QD(σ). We calculate the first two basis curvatures in §3.2, and the third one in §3.3. We obtain formaulas for these curvatures, which imply theorem 1.1 in the introduction: the "averages" of the curvatures are zero and there is no definite sign for the sectional curvatures of (N, σ N ).
The metric on a Weil-Petersson geodesic
To set up the metric σ N on a Weil-Petersson geodesic N , we start with local variations of of the energy density functions of a family of harmonic maps between hyperbolic surfaces, following much of the work of Wolf ([22] ). Assigning any hyperbolic metric ρ on Σ to the Hopf differential associated to the unique harmonic map w : (Σ, σ) → (Σ, ρ) in the homotopy class of the identity, one obtains a map φ from Teichmüller space to QD(σ), for some fixed hyperbolic metric σ. This map is a homeomorphism ( [16] , [22] ). Therefore, via the inverse map, the space QD(σ) provides global coordinates for T g (Σ). Let φ 0 dz 2 ∈ QD(σ)\{0}, and φ(t) = tφ 0 be a ray in QD(σ). We note that QD(σ) is a Banach space.
We denote the hyperbolic metrics ρ(t)|dw(t)| 2 as the points in T g (Σ) determined by the ray φ(t) in QD(σ), by this homeomorphism theorem. Here w(t) is the family of harmonic maps, in the homotopy class of the identity, whose associated Hopf differentials are φ(t) = ρ(w(t))w z (t)w z (t)dz 2 .
For each φ(t)dz 2 , we obtain µ(t) =φ
σdzdz , a family of harmonic Beltrami differentials on (Σ, σ). Therefore µ(t) is a family of tangent vectors at σ in T g (Σ), and µ 0 =φ 0 σ is then an infinitesimal harmonic Beltrami differential. For this family of harmonic maps w(t) : (Σ, σ) → (Σ, ρ(t)), we pull back the target metric form ρ(t)|dw(t)| 2 to find
where e = e(t) is the energy density of w(t). We will write this one real parameter family as
It is important that, by Ahlfors ([1]), the slice ρ(t) is Weil-Petersson geodesic at t = 0. Let N be this Weil-Petersson geodesic segment, homeomorphic to Σ × (0, 1), and passing through (Σ, σ), then we define
as the natural metric of our study on N .
First two curvatures
Our curvature calculations of a 3-manifold involve notations of metric and curvature tensors of a Riemannian manifold, and there are in general two equivalent notations on curvatures in standard books in modern Riemannian geometry. We use notations from, for example, [29] . To use Einstein notations, we also write the metric σ N as h. Away from zeros of any φ ∈ QD(σ), one can choose a branch of its square root and integrate dζ = φ(z)dz to define a local holomorphic coordinate ζ(z). Therefore, φ defines a singular Euclidean metric on Σ, written as |φ| or |φ||dz| 2 . In ζ-plane, φdz 2 = dζ 2 . Now we choose a local holomorphic coordinate z = x + iy, such that the leaves of the horizontal foliation of φdz 2 , formed by the lines of constant Imζ, are parallel to the x-axis, and also the leaves of the vertical foliation of φdz 2 , formed by the lines of constant Reζ, are parallel to the y-axis. In these coordinates φ(t) = |φ(t)| = t|φ 0 |, and
We recall here e(t) is the energy density function of the harmonic map w(t), uniquely determined by the ray φ(t)dz 2 , as in 3.1. Now the metric σ N on N is
In the metric tensor form, we have
We can now define three curvatures of tangent planed spanned by basis vectors ∂ x , ∂ y , and ∂ t , as the following:
where R ijkl 's are curvature tensors of the metric (h ij ). We now prove the following theorem:
We recall that D is a compact L 2 -self-adjoint operator, i.e., for any µ ∈ HB(σ), we have Σ |µ| 2 dA = Σ D(|µ| 2 )dA. Therefore, as a direct corollary of theorem 3.1, we find the average of K 1 vanishes, i.e., Proof. (of theorem 3.1) When t = 0, φ(0) = 0φ 0 = 0, thus w(0) is conformal, hence the identity map. We find that ρ(0) = σ and e(0) = 1.
We also notice that, for the metric σ N ,
At t = 0, we have h 11 (0) = h 22 (0) = σe(0) = σ. Using Einstein notations, and h ij = 0 when i = j, we have,
. We also recall the Christoffel symbols are written as
Using the Christoffel symbols, we can calculate dt . For this family of harmonic maps, we recall the energy density functions
It is clear, at t = 0, that H(0) = 1 and L(0) = 0.
Wolf ([22] ) has calculated local variations of these density functions:
We now calculate terms in (4). First off, And
We note, at t = 0, thatė = de(t) dt | t=0 =Ḣ(0) +L(0) = 0, and hence
We also find
At t = 0, using (8) , this is
From (7),
At t = 0, from (3) and (4),
and
We apply (11) and (12) to (10) when t = 0,
And Γ 1 33,1 = 0 since Γ 1 33 is identically zero. This, together with (9) and (13), we conclude, at t = 0,
Hence
To complete the proof, we find
Because of the symmetry of the variables, we can carry out a parallel calculation on K 2 . Note that
and similar to formula (4):
Most terms are equal to their counter parts in the calculation of K 1 , except
Therefore we still have, comparing with formula (9) , that
Combining all the terms as in the proof of theorem 3.1, we obtain
and we have proved
, and Σ K 2 dA = 0.
Theorem 3.1 and 3.2 concern the sectional curvatures of planes with one fiber direction and one Weil-Petersson geodesic direction. The average being zero indicates the geometry of this 3-manifold is a mixture of positive and negative curvatures.
The third curvature
We now proceed to calculate K 3 , which is the curvature of the plane tangent to the fiber. The main result in this subsection is
Recalling that the Weil-Petersson norm of the infinitesimal Beltrami dif-
Furthermore, if we normalize µ 0 such that µ 0 W P = 4π(g − 1), then we obtain a result similar to that of K 1 and K 2 : 
where we break R 1 122 into two terms
and II = Γ 
Similar to (5), we calculate
At t = 0, sinceė = 0,
We also obtain that
Putting together (8), (18) and (19), we find the value of the term II as in formula (17) at t = 0:
We are left to calculate term (I) as in the formula (16) . Firstly, we can write ρ(t) as
Therefore, using the Gaussian curvature of the metrics ρ(t) is −1, we find
and hence, at t = 0,
Applying (20), (21) to (15), we have
This completes the proof of theorem 3.4.
Near the zeros of
The zeros of a holomorphic quadratic differential are very special: the Euclidean metric induced by the holomorphic quadratic differential has singularity at these zeros with concentrated negative curvature. We, in this subsection, consider K 1 , K 2 and K 3 near zeros (always discrete) of φ 0 dz 2 .
Proposition 3.7. The sectional curvatures of (N, σ N ) at (Σ, σ) are nonpositive near the zeros of φ 0 dz 2 .
Proof. It is clear that K 3 < 0 near the zeros of φ 0 dz 2 since, by theorem 3.4, that K 3 = |µ 0 | 2 − 1. Now it remains to show |µ 0 | 2 < D(|µ 0 | 2 ) near the zeros of φ 0 dz 2 . This is merely an application of the maximum principle.
Let
At the minimum, say point p on Σ, of u(z), we have
) are nonpositive near the zeros of φ 0 dz 2 .
Modified metrics on the Weil-Petersson geodesic
We recall that the natural metric of our study on the Weil-Petersson geodesic is σ N = ρ(t) + dt 2 . In this section, we consider the modified metric
where f (t) is a smooth, positive function with f (0) = 1. The idea of this modification is to search for a nice positive function f (t) such that the curvatures of (N, σ N (f )) are nonpositive. We can write σ N (f ) in the matrix form:
We note hereĥ 33 = f (t), henceĥ 33 (0) = 1.
We follow much of the notations in subsections 3.2 and 3.3 to calculate three curvaturesK i , for 1 ≤ i ≤ 3, of the sections spanned by three basis tangent vectors, defined aŝ
andR ijkl 's are curvature tensors of the metric (ĥ ij ).
We want to show
And furthermore, | 2 ) ). Proof. In order to prove the theorem, we follow much of the argument in the proof of theorem 3.1. As before,ĥ 33 = f (t).
The curvature of the plane spanned by ∂ x and ∂ t , at t = 0, iŝ
Most terms inR 
at t = 0, are equal to their corresponding terms in formula (4), except 
A parallel calculation can be carried over onK 2 , and we obtain: 
